Let (M, g) be a complete Riemannian manifold, G a group acting on M freely and properly by isometries with (B = M/G, g B ) its smooth Riemannian quotient. We prove in Theorem 1 the uniqueness of a certain integrable structure on the tangent bundle of M defined in symplectic terms (2.1) and prove in Theorem 2 its naturality with respect to the symplectic reduction corresponding to the tangential action by G. We define the notion of a "tangentially positive" isometric action and show in Theorem 3 how this condition implies that if (M, g) has no conjugate points its quotient (B, g B ) has no conjugate points, and that the strongly stable and unstable distributions in the unit tangent bundle of M are natural under symplectic reduction, by our Theorem 4. In particular, we obtain conditions under which having a geodesic flow of Anosov type is inherited by the Riemannian quotient. This work is followed up by [1] where we prove the converse of Theorem 3 and obtain some curvature restrictions for actions with conjugate point-free quotients.
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Introduction.
Let (M, g) be a complete Riemannian manifold and π : T M → M its tangent bundle. The assignment T M z → (exp(−z), exp(z)) ∈ M × M defines local "product coordinates" in a neighborhood of M ⊂ T M corresponding to the two M factors. Infinitesimally it defines an integrable endomorphism P of T (T M) with P 2 = I (the identity endomorphism) that interchanges the one-forms Θ and dE, where E : T M → R is the function E(z) = 1 2 g(z, z) and Θ is the standard one-form defined by the metric and the tautological one-form in the cotangent bundle T * M.
In this paper we first show that in any neighborhood of the zero section of T M with the property of being serrate, meaning essentially the geodesic convexity of its image by the map above, there is at most one such structure P.
We then show that this characterization of P implies its naturality with respect to symplectic reduction for the tangential action induced by any group G acting freely by isometries on M so that the quotient M/G is a smooth manifold. By the "naturality" of the reduction we mean that the following two conditions are satisfied:
1) There is a neighborhood of M in T M where P can be reduced;
2) the reduction of P coincides in some neighborhood of B = M/G in T B with the unique structure P B corresponding to the metric g B that makes the projection f : (M) → (B, g B ) a Riemannian submersion.
Condition 1 holds because the connection for the G-bundle f : M → B given by g can be naturally extended to a connection in a portion of the total space of the G-bundle µ −1 (0) → T B whose horizontal distribution is P-invariant, where µ : T M → G * is the moment map of the tangential Gaction and G * is the dual of the Lie algebra of G. In addition, since this connection is defined by P, G and especially the symplectic form dΘ on T M, condition 2 holds also, as a consequence of the uniqueness result for P and the fact that the identification of T B with the reduced space µ −1 (0)/G is symplectomorphic.
As an application we show that if (M, g) has no conjugate points, and the action satisfies the extra condition that the connection above can be defined on all of µ −1 (0), the quotient metric g B on B has no conjugate points.
This additional condition for the action is expressed in terms of the positivity of the length of the action vector fields on µ −1 (0) with respect to the pseudo-Riemannian metric defined by P and the symplectic form dΘ, and is referred to as the tangential positivity of the action.
When tangential positivity is satisfied on µ −1 (0), a reduction similar to that of P can be performed for re-scaled versions of P, and in a certain limit of the re-scaling, the reduction corresponds to that of the distributions in the unit tangent bundle of M given by the strongly stable and unstable Jacobi fields; in this way we prove the naturality of those distributions under symplectic reduction. This is so because P is essentially a lift to T M of the shape operator of geodesic spheres on M which tends to the corresponding objects for horospheres; but we don't use this fact directly here.
There are situations where the triviality of the intersection of the strongly stable and unstable distributions in the unit tangent bundle is known to be equivalent to the property that the geodesic flow is of Anosov type; here the naturality under reduction of the stable and unstable distributions can be applied to derive conditions under which the geodesic flow in the quotient manifold is of Anosov type. We use results by P. Eberlein in [4] and derive a corollary along those lines.
The results above are trivially true for discrete groups G since the quotient map f : M → B in this case is a Riemannian covering, in particular a local isometry. But, although such is the general situation for actions on compact manifolds with negative-definite Ricci curvature since their isometry groups are finite by a classical theorem of S. Bochner, there is no such restriction on the dimension of groups of isometries of non-compact manifolds. However, constraints on isometric actions that are tangentially positive should in principle be expected, simply because the Riemannian quotient is curvature non-decreasing and thus it "promotes" the existence of conjugate points on (B, g B ). In this paper we give as a sample restrictions for isometric actions on Euclidean space, which can be shown with what is developed here, and continue with further results in the forthcoming [1] .
The paper is organized as follows: The main result in Section 2 is Theorem 1 where we prove the uniqueness of product structures on serrate sets satisfying the "symplectic condition" as defined by (2.1). Their existence is also proved in this section. Section 3 contains Theorem 2 where we show the naturality of the reduction of P for a proper and free isometric action as explained above. In section 4 we define what we mean by a tangentially positive action and show in Theorem 3 that the Riemannian submersion metric in M/G has no conjugate points if M has no conjugate points provided that the action is of that kind. In Section 5 Theorem 4 we show the naturality of the strongly stable and strongly unstable distributions on the unit tangent bundle with respect to reduction, and then derive two corollaries on Anosov type geodesic flows using work by P. Eberlein from [4] and W. Klingenberg from [9] .
Throughout the paper (M, g) will be a connected, smooth and complete Riemannian manifold of dimension n.
Uniqueness of a certain structure on the tangent bundle.
Let O ⊂ T M be a neighborhood of M, where M is identified with the zero section. An endomorphism P of the tangent bundle of T M such that P 2 = I, the identity, and is integrable is called a (local) product structure in O. Integrability of P means that for every point z ∈ O there are local "product coordinates" {u
where
M is the connection map. With this notation the geodesic spray Σ and the Liouville vector field Ξ are 
at most one adapted product structure P.
The proof of Theorem 1 is derived from the next several propositions and follows Corollary 2.4.1, with the proof that such P always exits right afterwards.
Proof. From PdE = Θ we have d (PdE) = dΘ, and, since P is integrable, in local product coordinates there are functions t ik so that dΘ =
This implies that dΘ is anti-P-invariant, that is, for all z ∈ O and all U and V in T z (T M),
where (i) is PdE = Θ while (ii) the anti-P-invariance of dΘ together with its anti-symmetry. So Ξ = PΣ, since dΘ is non-degenerate.
Proof. This follows from the non-degeneracy of dΘ and its anti-P-invariance which implies that dΘ(U, V ) = 0 if U and V are both eigen-vectors with the same +1 or −1 eigenvalue.
Proof. From Proposition 2.1 PΣ = Ξ which by (2.3) reads on T M \ M,
We multiply the left hand side of (2.6) by t > 0 along the fibers of T (T M) → T M and along the fibers of T M → M as appropriate to get
= P(tz) h z , where equality (*) holds because t(z h z ) − (tz) h z is in the kernel of both K and π * , hence is equal to zero. Similarly, we multiply the right-hand side of (2.6) to get t(z v z ) = (tz) v z . It follows that P (tz) 
Proof. With the given parametrization of
The path t → yγ(x + t) ∈ T M is horizontal (in T M) with respect to the Levi-Civita connection on M, goes through z at t = 0, and its projection t → γ(x+t) ∈ M has velocityγ(x) at t = 0. Thus, by definition of horizontal lift, 
M is a path that projects to the point γ(x) ∈ M with conditions so that
Equality (2.7) follows from (2.8) and (2.9). 
with R = {y = 0} Euclidean. For an integer n = 0 let E n be the translate of E 0 in the x direction, to the right if n > 0 or to the left if n < 0, an amount of 
is a vector field along the Riemannian leaf L γ through γ,
that restricts to a Jacobi field J along γ.
. Now, the expression (2.12) follows from (2.2) and the calculations below:
and
where, fixing y, viewing (λ, x) → (π • Ψ)(λ, x, y) = γ λ (x) as a variation, and using that the connection ∇ is torsion-free,
We refer toJ given by (2.12) as the "canonical extension" of J along the Riemannian leaf L γ . 
where we used
where s − = x − y and s + = x + y are global product coordinates for P 0 in
Hence, by differentiation of the map Ψ (2.10) with respect to λ, there are one-variable functions h
where necessarily h
It follows that the condition J (x, y)
is open and closed in the connected subset of O
the connectedness implied by the hypothesis that O is serrate. The argument above proves ii) ⇐⇒ iii). It also proves i) ⇐⇒ iii) once we note that given s ∈ R we have 0 = J (s, 0) Proof. We will get a contradiction from the assumption that γ(a) = p and γ(b) = q is a pair of conjugate points of γ with −y ≤ a < b ≤ y. So, let J be a non-zero Jacobi field along γ such that J(a) = 0 and J(b) = 0.
With the notation as in Corollary 2.2.1, because O is serrate and contains (0, y) = γ −1 * (z), the image under γ * of the triangular region in R 2 with vertices (−y, 0), (y, 0) and (0, y) is contained in O. In particular, the images under γ * of the straight segment from (a, 0) ∈ R 2 to (
2 ) = 0. Then, since P is non-degenerate, we must haveJ ( ) J( a+b 2 ) = 0, and thus J(x) = 0 for all x, which contradicts that J is a non-zero Jacobi field.
Proof of Theorem 1.
Let O be a serrate neighborhood of M where an adapted product structure P is defined. We will show that P is determined uniquely by the Riemannian metric g.
From Proposition 2.2 along the zero section P is uniquely defined by (2.5). So let 0 = z ∈ O. Let γ be the unit-speed geodesic such that z = yγ(0) with y > 0 and let
Since O is serrate, by Corollary 2.4.1 there are no pair of conjugate points of γ contained in the segment γ([−y, y]). In particular γ(−y) and γ(0) are not conjugate points of γ, and thus, there are Jacobi fields
Similarly, γ(0) and γ(y) are not conjugate points of γ and thus there are Jacobi fields {G 1 , · · · , G n } along γ so that for all 1 ≤ i ≤ n:
LetJ i andG i be the corresponding canonical extensions to L γ . With the parameterization of L γ as earlier, given by (x, y) → yγ(x) ∈ L γ , it follows from Proposition 2.4 applied respectively to {J i } and to {G i } that for all 1 ≤ i ≤ n:
Thus, since the Jacobi fields are defined by the Riemannian metric, and their equation is linear, in order to show that the splitting
+ is determined by the Riemannian metric, due to (2.14) it suffices to show that each of the two sets in T z (T M) given by
and hence the {J i (0, y)} are linearly independent. Similarly for {G i (0, y)}.
The argument above applied to all 0 = z ∈ O shows the uniqueness of P.
Existence of the adapted product structure.

Proposition 2.5. Let (M, g) be a complete Riemannian manifold. Then there is an open serrate O ⊂ T M containing M where the adapted product structure is defined. Moreover, O can be taken to be the whole T M if and only if (M, g) has no conjugate points.
, where Φ is the geodesic flow. The set
contains the zero section since for all p ∈ M and all v ∈ T p M it holds 
where γ λ is the unit-speed geodesic with initial conditionsγ
, while J(− z ) and J( z ) are the evaluations at x 1 = γ(− z ) and x 2 = γ( z ) of the Jacobi field along the geodesic γ = γ 0 determined by the variation
The previous argument shows that 0 = z ∈ O F if and only if along the unit-speed geodesic γ defined by z γ(0) = z there is a unique Jacobi field whose values at γ(− z ) and γ( z ) can be arbitrarily prescribed, which is equivalent to γ(− z ) and γ( z ) not being a pair of conjugate points of γ. Thus, Proposition 2.6 is proved by taking z as in (2.15) and noting that, from the identity
We can now define our serrate set O ⊂ O F . It is a classical result that any complete Riemannian manifold M can be covered by open sets U α , M = ∪ α∈A U α , such that any pair of points x 1 and x 2 in U α can be joined by a unique unit speed minimizing geodesic, call it γ x 1 x 2 , with
is the distance from x 1 to x 2 . It follows that γ x 1 x 2 is minimizing for any pair of points in γ x 1 x 2 ((−∞, +∞)) ∩ U α , which, as it is well-known, implies that there are no pairs of conjugate points of γ 
is serrate and is contained in O F . Thus, via F we pull back the global product structure
, the right and left factors corresponding respectively to the integral manifolds for the −1 and +1 sub-bundles for P × .
It remains to be shown that P F Θ = dE, so that, by Theorem 1, P F is actually the adapted product structure P. So, let z in O F \ M, and let γ be the unit-speed geodesic with yγ(0) = z with y > 0. The Jacobi field J 1 along γ with initial conditions J 1 (0) = 0 and ∇ z J 1 (0) = z is given by J 1 (s) = sγ(s) for s ∈ R. Thus, recalling (2.16) and Ξ(z) = (z)
On the other hand the Jacobi field J 2 along γ with initial conditions J 2 (0) = z and ∇ z J 2 (0) = 0 is given by J 2 (x) = yγ(s) for all s ∈ R, and thus by (2.16) and
Finally, if (M, g) has no conjugate points it is clear that O F = T M, which is serrate.
Naturality of P with respect to symplectic reduction.
In this section we show that the adapted structure P is "natural" with respect to symplectic reduction in the following sense: 1) In a neighborhood of M in T M a reduction of P is possible;
2) The product structure so induced in a neighborhood of B in T B agrees, in a perhaps smaller neighborhood of B, with the adapted structure given by g B , Part 1 follows from the existence of a connection with P-invariant horizontal distribution in the G-bundle defined by the tangential action on the zero level set of the moment map in T M, while part 2 relies on the fact that such connection is defined using the symplectic structure on T M which, as a consequence the very definition of Riemannian submersion metric for isometric actions, is itself natural under reduction. [12] .) Let G be a closed subgroup of the group of isometries of (M, g) and G its Lie algebra. The action G × M → M induces the action G × T M → T M by tangent maps which preserves the one-form Θ, for hπ = πh * and h
Set up. (See
be the action vector fields on M and T M respectively. We denote by G M and G T M the corresponding distributions, that is, for p ∈ M and z ∈ T M,
Let µ : T M → G * be the moment map of the tangent action, where G * is the dual of the Lie algebra of G.
) and thus
Evaluation of µ at a given ξ ∈ G yields a function
, where the vanishing of the Lie derivative of Θ is the G-invariance explained in the first paragraph, and the second equality results from the standard Cartan formula. It follows that given z ∈ µ −1 (0) (see [12] )
the inclusion valid since G acts on µ −1 (0), Θ and the distribution G T M being G-invariant, where, here and in the rest of the paper, given a subspace A ⊂ T z (T M) we put
Since the G-action on M is free, the quotient map
is a principal G-bundle, with an f -horizontal distribution defined as the gorthogonal complement of the fibers of f , which is precisely
is also free and defines a principal G-bundle
2)
There are induced on µ −1 (0)/G a functionĚ and a one-formΘ defined by
, and dΘ is non-degenerate, since on µ −1 (0), by (3.1),
If we identify the G-orbit of each z ∈ µ −1 (0) with f * z ∈ T f (π(z)) B we get,
and if we give B the Riemannian metric g B that makes f : M → B a Riemannian submersion,
where Θ B and E B are the corresponding objects on T B induced by the metric g B . We now state the naturality of P with respect to reduction. The proof of Theorem 2 will be derived from Propositions (3.1) through (3.5) and follows Corollary 3.5.1. 
Proof. By the uniqueness of the adapted product structure if h is an isometry of M then h * Ph −1 * is equal to P since it satisfies all the conditions for an adapted structure on O, for Θ and E are invariant by h * . (This also can be seen using 
Proposition 3.4. H and H
Proof. The G-invariance follows from the fact that P, dΘ and the distribution G T M are all G-invariant. On the other hand, since dΘ is anti-P-invariant, for any subspace A ⊂ T z (T M),
It follows that H is P-invariant since, obviously, so is
Proposition 3.5. With the notation as in Proposition 3.3, if in addition O is G-invariant, there is a G-invariant open set O † ⊂ O, containing M, where T (T M) splits in a G-invariant, P-invariant and dΘ-orthogonal way,
Proof. By Proposition 3.3 dim H ⊥ = 2 dim G and since dΘ is non-degenerate as a two-form on T M we have dim
equivalently, if and only if dΘ is non-degenerate on H
if and only det Γ(z) = 0 for
where the curl-brackets indicate dim G × dim G matrix blocks and where we used the anti-P-invariance of dΘ. Since det Γ : O → R is a continuous function, the set
is open. This set is also G-invariant for dΘ, P and the distribution G T M are all G-invariant. We now show that O † actually contains M, that is,
On the one hand, the determinants of the two off-diagonal blocks of Γ(x) are not zero when x ∈ M, for
where we used:
which follows from our identification of M with the zero section; equation (2.5); the formula dΘ(U, V ) = g(KU, π * V ) − g(KV, π * U ); that {ξ 1 , · · · ξ dim G } is a basis for G and that the action if free.
On the other hand, every entry of the two diagonal blocks of Γ(x) for x ∈ M vanish, since for all 1 ≤ i, j ≤ dim G and for all
But (3.8) and (3.9) implies (3.7), hence O † ⊃ M, and thus O † satisfies all the stated properties.
Thus, (3.10) defines a connection for the G-bundle
p : µ −1 (0) ∩ O † → T B whose horizontal distribution H is P-invariant.
Proof. Recall the G-invariant and P-invariant splitting T (T M) | O † = H ⊥ ⊕ H from Proposition 3.5, and that
From i) and ii) and counting dimensions we get on µ −1 (0) ∩ O † the G-invariant splitting (3.10), while clearly ker p * = G T M .
Proof of Theorem 2. By Corollary 3.5.1, the splitting
is a vector space isomorphism. So, we defineP on
Because under the identification (3.4), p * | H preserves the one-forms Θ and Θ B as well as dE and dE B ,P satisfies on 
We now show this Frobenius condition forP using that it holds for P. Recall that a vector field X defined in an open set O ⊂ T M is a local section of the bundle H if and only if
(3.14)
Let X 1 and X 2 be local sections of H and calculate
The first two terms to the right of equality ( †) vanish by (*) of (3.14), while the third, the fifth and the sixth cancel out, since the Lie derivative of dΘ along ξ T M vanishes. Thus we get
Since H is P-invariant, X 1 ± PX 1 and X 2 ± PX 2 are also sections of H and hence, putting
as well; that is, (*) of (3.14) holds for Y 1 and Y 2 . But (**) of (3.14) also holds for Y 1 and Y 2 , which is seen by using in (***) the anti-P-invariance of dΘ together with Now let U and V as in (3.13) be given. We will show the identity (i) of (3.13), (ii) being analogous.
Since
is a principal G-bundle with connection whose horizontal distribution is H, there are unique "Hhorizontal lifts" of U and V . That is, there are "p-related" (G-invariant in our case) local sections X 1 and X 2 of H that project to the sections U and V , i.e., p * X 1 = U and p * X 2 = V . Applying definition (3.11) we see that PX 1 and PX 2 are the unique H-horizontal lifts forPU andPV .
Since P is integrable in O, there is a section X 3 such that
Applying p and (3.11) to the left side of equality (3.15) yields the left side of the equality (i) of (3.13). But, from what we showed a few lines above, the right side of equation (3.15) is a section of H, hence using (3.11),
so that p * (X 3 + PX 3 ) = W +PW for a section W as required in (3.13). 
where (x, y, r, u, v, t)) are the coordinates of the vector z = u
Here, P ∂ ∂t , thus
To describe the splitting of T z (T M) for z ∈ O † we use the global product coordinates x ± = x±u, y ± = y±v, and r ± = r±t.
and that the splitting [T (T M)]
2) Consider the S 1 -action on the standard sphere
This action is isometric and for ξ = ∂ ∂t ∈ s(1),
Using the construction by Jacobi fields in Theorem 1, we have, for z ∈ T S 3 , besides P (z)
v a z where p = π(z), and z 2 = 1, that
Thus, since ξ S 3 2 = 1 and
, corresponding to the fact that the Riemannian quotient S 3 /S 1 is the round two-sphere of radius
This is explained in general by the converse of Theorem 3 proven in [1] .) We thank the referee for suggesting this example.
Tangentially positive isometric actions.
Definition 4.1. Since dΘ is anti-P-invariant wherever P is defined there is a Pseudo-Riemannian metric of signature (n, n) 
Proof. We have T µ −1 (0) = G T M ⊥ , hence with a choice of a basis for G,
connected, the signature of the (symmetric) lower left block of Γ remains constant on S. But, a calculation as in (3.8) shows that for all
which is positive-definite. 
Remark 4.2. In the definition, there is no a priori condition on the isometric action, such as being free. In fact, when G acts trivially it acts tangentially positively on any set S where P is defined.
The reason for the definition is the following result, the converse of which we prove in [1] . Proof. By Proposition 2.5, if M has no conjugate points, in the proof of Theorem 2 we can take O = T M as the set where P is defined. If in addition G acts tangentially positively we can take O † = T M also. Hence the reductionP of P , which is an adapted product structure, is defined on all µ −1 (0)/G = T B. Corollary 2.4.1 then implies that (B, g B ) has no conjugate points as claimed. (Furthermore, the last statement and Proposition 2.5 then shows that P B is defined on all T B, and hence, by Theorem 1,P = P B .) 
An example. Let H
Since H n has constant sectional curvature equal to −1 we have, for example from the construction of P via the Jacobi fields in (2.14), that
.
By (4.4) and z
So, at the chosen z,
which is negative if we let a >> 1. (See [1] for more results along this line.)
Stable and Unstable Jacobi fields under reduction.
Let (M, g) be a complete Riemannian manifold with no conjugate points. The geodesic flow Φ on the unit tangent bundle SM = {z ∈ T M | g(z, z) = 1} is said to be of Anosov type if the orthogonal complement to the flow with respect to the Sasaki metric,
splits into a sub-bundle of exponentially contracted and a sub-bundle of exponentially expanded directions under the action of the differential of the geodesic flow. More specifically, put for z ∈ SM
where Σ is the geodesic spray, Σ(z) = (z) h z . Then, the geodesic flow is of Anosov type if and only if for each z ∈ SM there are positive constants a, b, c, such that we have a splitting [13] show that the quotient metric g B has constant sectional curvature −1.
Remark 5.1 motivates Theorem 4 below. To state the result we need to recall the definition of stable and unstable distributions by P. Eberlein in [4] for manifolds with no conjugate points (see also [5] ). Given z ∈ SM and 0 = t ∈ R let
be the linear map such that for each
At each z ∈ SM the subspaces (5.5) and (5.6) have both dimension n − 1, but they might intersect non-trivially. (See [4] for details.) We will prove the following If we let (M, g) have no conjugate points, by Theorem 1, the adapted structure P is defined in all T M. This allows the introduction of a one-parameter family of re-scaled adapted product structures natural under reduction and whose ±1-eigen-subbundles tend in the limit for the parameter going to ∞ to the strongly stable and strongly unstable Jacobi distributions. 
for clarity also we use the notation for the adapted structure P = P 1 . We also set,
Proposition 5.1. a) P λ is integrable and G-invariant; b) P λ is the unique product structure on T M with
Proof. For part a) we just note that P λ is induced from the map 
Proof. Fix z ∈ SM and let γ be the unit speed geodesic withγ(0) = z. For U ∈ W z let J (t,U ) be the Jacobi field along γ with conditions
be the canonical extension of that Jacobi field along the leaf L γ with parametrization (s, y) ∈ R 2 → yγ(s) ∈ L γ , so that the given z = (0, 1). Then
But, from the identities listed ahead in (5.20), it follows that 12) and thus, we re-write (5.11) as
Consider t = λ. By (5.10) J (λ,U ) (λ) = 0, hence by Proposition 2.4,
and thus, putting t = λ in (5.13),
Now, consider t = −λ. We have J (−λ,U ) (−λ) = 0 by (5.10), and by Proposition 2.4 J (−λ,U ) (0, λ)
Hence, setting t = −λ in (5.13),
Equalities (5.14) and (5.15) show that
. (In fact, we have equalities since dim E t (T z (M )) = n. This is because M has no conjugate points and thus the subspace
which has dimension n.) But, for any 0 = t ∈ R,
for if U ∈ W z , the Jacobi field J (t,U ) defined by (5.10) along the geodesic γ withγ(0) = z is normal to γ, hence, its canonical extensionJ (t,U ) , satisfies dΘ 
Corollary 5.2.1. Given z = 1, with notation as in (5.5) , (5.6) and (5.8) ,
which, by the non-degeneracy of the symplectic forms, shows that
Since H λ is P λ -invariant, and both H λ and P λ are G-invariant, there is on T B a structure (P λ )ˇdefined by
for all U ∈ H λ . Such reduced (P λ )ˇis integrable and squared gives the identity. Also,
and thus (P λ )ˇΘ B = λ dE B , which implies, by Proposition 5.1 applied to
is an isomorphism, hence p * :
is an isomorphism. 
which means that
Of course, by Proposition 5.3, H λ and W are both P λ -invariant, so all we need to show is the first equality in (5.30), which we do next.
Thus we have shown
This section ends with two corollaries. To state the first one we recall from [4] the following Proof. For any U ∈ T (T M), from (5.1), But since G is the kernel of the homomorphism N (G) → Isom (B) given by h →ȟ, the corollary follows from Theorem 4 and the result of W. Klingenberg in the appendix of [9] which states that the isometry group of a compact Riemannian manifold whose geodesic flow is Anosov must be finite.
Final Remarks.
The results obtained in this paper for actions by groups G of isometries of arbitrary dimension acting on M tangentially positively in µ −1 (0) extend the results previously well-known for the case dim G = 0. Although when (M, g) is compact with negative-definite Ricci tensor, or compact with Anosov type geodesic flow, the isometry group is finite, for more general Riemannian manifolds, especially for non-compact ones, the question of whether there are groups of isometries of positive dimension acting tangentially positively is meaninful, as the R-action (4.3) on H n shows.
In light of Theorem 1, and due to the curvature decreasing property of submersions, one should expect restrictions on the existence of such actions. We hint here at such constraints, and develop more results along these lines in [1] . The next Proposition is actually used in [1] . 
where equality (*) holds since ∇ ξ M g ≡ 0. To see (**) note that the first term to the right of equality (*) is zero due to the skew-symmetry of ∇ξ M ; moreover, the second term to the right of (*) is re-written by using the vanishing of the torsion of ∇ and again, the skew-symmetry of ∇ξ M , this last property also used to re-write the term (c) and cancel it out with a term coming from (b). Thus, if M is Euclidean (a) ≡ 0, we have,
It follows from (6.1) and (6.4) that ∇ z ξ M = 0 for all z ∈ T p M.
Remark 6.1. The definition of P in terms of the symplectic geometry of T M is inspired by the comparison of the adapted complex structure of L. Lempert and R. Szőke in [11] with the construction of the equivalent complex structure in the cotangent bundle by V. Guillemin and M. Stenzel in [6] by means of analytic continuation, hence the name adapted product structure.
Remark 6.2.
In [1] we prove the converse of Theorem 3, showing that the "Pseudo-Riemannian reduction" fails precisely when conjugate points are created, allowing several applications.
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